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Abstract
By applying the existence theorem of maximal elements, some new collectively fixed-point theorems for
a family of set-valued mappings defined on the product space of noncompact FC-space are proved and some
new theorems about minimax inequality involving two functions are given to show the relations of fixed-
point theorem and minimax inequality in FC-spaces. These results improve and generalize many important
results in the recent literature.
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1. Introduction
Since Tarafder [1] first established the collectively fixed-point theorem on the product space
of nonempty compact convex subsets of topological vector spaces in 1991, the collectively fixed-
point theorem has been studied by many people under the different assumptions in H -space and
G-convex space and some applications are discussed by the corresponding authors in [1–5] and
the references therein. Recently, Ding has introduced the notion of a finitely continuous topolog-
ical space (in short, FC-space), which is a topological space without any convexity structure, and
the notion of FC-subspaces in [6,7].
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ments given by Ding in [7], some new collectively fixed-point theorems for a family of set-valued
mappings defined on the product space of noncompact FC-space are given. Further, some the-
orems about minimax inequality involving two functions are given to show the relations of
fixed-point theorem and minimax inequality in FC-spaces. These results improve and generalize
many important results in the recent literature.
2. Preliminaries
For nonempty set X, we denote by 〈X〉 and 2X the family of all nonempty finite subset of X
and the family of all subset of X, respectively. Let Δn be the standard n-dimensional simplex
with vertices {e0, e1, . . . , en}. If J is a nonempty subset of {0,1, . . . , n}, we denote by ΔJ the
convex hull of the vertices {ej | j ∈ J }.
For topological spaces X and Y , A ⊂ B ⊂ X, we denote intB A to be the interior of A in B ,
and clB A to be the closure of A in B (when B = X, intB A = intA and clB A = clA). A is said
to be compactly closed (respectively compactly open) if for every nonempty compact subset K
of X, A ∩ K is closed (respectively open) in K . The compact closure of A and the compact
interior of A (see [8]) are defined respectively by
cclA =
⋂
{B ⊂ X | A ⊂ B and B is compactly closed in X},
cintA =
⋃
{B ⊂ X | B ⊂ A and B is compactly open in X}.
It is easy to see that ccl(X \A) = X \ cintA, intA ⊂ cintA ⊂ A, A ⊂ cclA ⊂ clA. For every
nonempty subset K of X, cclA∩K = clK(A∩K) and cintA∩K = intK(A∩K).
Let T :X → 2Y , T is said to be transfer compactly open-valued (respectively transfer com-
pactly closed-valued) on X (see [8]), if for every x ∈ X and for each nonempty compact sub-
set K of Y , y ∈ T (x) ∩ K (respectively y /∈ T (x) ∩ K) implies there exists x¯ ∈ X such that
y ∈ intK(T (x¯)∩K) (respectively y /∈ clK(T (x¯)∩K)).
The following propositions are given to show the differences between the notions in [8,9].
Proposition 2.1. Let T :X → 2Y be a set-valued mapping.
(i) If for each x ∈ X, y ∈ T (x) (respectively y /∈ T (x)), there exists x¯ ∈ X such that y ∈
cintT (x¯) (respectively y /∈ cintT (x¯)), then T is transfer compactly open- (respectively
closed-) valued.
(ii) If Y is compact, T is transfer compactly open-valued on Y . Then for each x ∈ X, y ∈ T (x),
there exists x¯ such that y ∈ cintT (x¯).
Definition 2.1. [6] (Y,φN) is said to be a finitely continuous space (in short FC-space) if Y is
a topological space and for each N = {y0, y1, . . . , yn} ∈ 〈Y 〉, there exists a continuous mapping
φN :Δn → Y .
If A and B are two subsets of Y , B is said to be an FC-subspace of Y relative to A if for each
N = {y0, y1, . . . , yn} ∈ 〈Y 〉 and for any {yi0, yi1, . . . , yik } ⊂ A ∩ {y0, y1, . . . , yn}, φN(Δk) ⊂ B
where Δk = co({eij | j = 0,1, . . . , k}).
If A = B , then B is called an FC-subspace of Y . Clearly, each FC-subspace of (Y,φN) is also
an FC-space.
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i∈I Xi and φN =
∏
i∈I φNi . Then (X,φN) is also an FC-space.
Lemma 2.2. [10] Let X and Y be two topological spaces and T :X → 2Y be a set-valued map-
ping with nonempty values. Then the following conditions are equivalent:
(i) T has the compactly local intersection property;
(ii) for each compact subset K of X and for each y ∈ Y , there exists an open subset Oy of X
(which may be empty) such that Oy ∩K ⊂ T −1(Y ) and K =⋃y∈Y (Oy ∩K);
(iii) for each compact subset K of X, there exists a set-valued mapping F :X → 2Y such that
for each y ∈ Y , F−1(y) is open or empty in X; F−1(y) ∩ K ⊂ T −1(y), ∀y ∈ Y , and K =⋃
y∈Y (F−1(y)∩K);
(iv) for each compact subset K of X and for each x ∈ K , there exists y ∈ Y such that x ∈
cintT −1(y)∩K and K =⋃y∈Y (cintT −1(y)∩K) =⋃y∈Y (T −1(y)∩K);
(v) T −1 :Y → 2X is transfer compactly open-valued on Y .
Proposition 2.2. Let I be any index set, (Xi,φNi )i∈I be a family of FC-spaces and X =
∏
i∈I Xi
be an FC-space as in Lemma 2.1. For each i ∈ I , let Ai be an FC-subspace of Xi relative to Bi .
Then A =∏i∈I Ai is an FC-subspace of X =∏i∈I Xi relative to B =∏i∈I Bi .
Proof. Let X be equipped with the product topology and for each i ∈ I , let πi :X → Xi be the
projection of X onto Xi . Suppose that N = {x0, . . . , xn} ∈ 〈X〉 is given where xk = (xki)i∈I ,
k = 0,1, . . . , n. For every {y0, . . . , ym} ⊂ {x0, . . . , xn} ∩ B , for each i ∈ I , let {yi0, . . . , yim} =
{πi(y0), . . . , πi(ym)}. Then {yi0, . . . , yim} ⊂ πi(N ∩ B) ⊂ Ni ∩ Bi , where Ni = {x0i , . . . , xni} ∈
〈Xi〉. Since for each i ∈ I , Ai is an FC-subspace of Xi relative to Bi and (Xi,φNi ) is an FC-
space, it follows that φNi (Δm) ⊂ Ai where Δm is the standard m-dimensional simplex. Hence
φN(Δm) =∏i∈I φNi (Δm) ⊂∏i∈I Ai = A. This completes the proof. 
Proposition 2.3. Let I be any index set, for each i ∈ I , Ai be an FC-subspace of the FC-space
(X,φN) relative to Bi . Then
⋂
i∈I Ai is an FC-subspace of X relative to
⋂
i∈I Bi .
Proof. Since X is an FC-space, it follows that for each N = {x0, . . . , xn} ∈ 〈X〉, there exists a
continuous mapping φN :Δn → X. For every {xp0, . . . , xpm} ⊂ (
⋂
i∈I Bi)∩N , we have for each
i ∈ I , {xp0, . . . , xpm} ⊂ Bi ∩ N . Since for each i ∈ I , Ai be an FC-subspace of the X relative
to Bi , there is φN(Δpm) ⊂ Ai , i.e., φN(Δpm) ⊂
⋂
i∈I Ai . This completes the proof. 
Definition 2.2. [7] Let X be a topological space and (Y,φN) be an FC-space. The class
B∗(Y,X) of better admissible mapping is defined as follows: F ∈ B∗(Y,X) if and only if
F :Y → 2X is an upper semi-continuous set-valued mapping with compact values such that for
any N = {y0, y1, . . . , yk} ∈ 〈Y 〉 and any continuous mapping ψ :F(φN(Δn)) → Δn, the compo-
sition mapping ψ ◦ F |φN (Δn) ◦ φN :Δn → 2Δn has a fixed point.
Note that the class B∗(Y,X) of better admissible mapping includes many important classes
of mappings, for example, the class B(Y,X) in [11], UKc (Y,X) in [12], KKM(Y,X) in [13] and
so on proper subspaces, see [11] and references therein.
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In this section, by applying the existence theorem of maximal elements given by Ding in [7],
some new fixed-point theorems involving two functions are given in FC-spaces.
Lemma 3.1. [7] Let X be a topological space, (Y,φN) be an FC-space, F ∈ B∗(Y,X) and
A :X → 2Y satisfy the following conditions:
(i) For each N = {y0, y1, . . . , yn} ∈ 〈Y 〉 and any M = {yi0, yi1, . . . , yik } ⊂ N , F(φN(Δk)) ∩
(
⋂k
j=0 cintA−1(yij ) = ∅.
(ii) A−1 is transfer compactly open-valued.
(iii) There exists a nonempty subset D of Y such that for each N = {y0, y1, . . . , yn} ∈ 〈Y 〉, there
is a compact FC-subspace LN of Y containing D ∪ N and B =⋂y∈D(cintA−1(y))c is
empty or compact in X, where (cintA−1(y))c denotes the complement of cintA−1(y) on X.
Then there exists xˆ ∈ X such that A(xˆ) = ∅.
Theorem 3.1. Let I be any index set, (Xi,φNi )i∈I be a family Hausdorff FC-space and X =∏
i∈I Xi be the FC-space as in Lemma 2.1. For each i ∈ I , Si, Ti :X → 2Xi , Fi :Xi → 2Xi be
set-valued mappings satisfying the following conditions:
(i) Let F(x) = ∏i∈I Fi(πi(x)), for all x ∈ X, where πi :X → Xi denotes the projection
of X onto Xi . F ∈ B∗(X,X), for all x ∈ X, Ni ∈ 〈Xi〉 and any Mi = {xi0, xi1, . . . , xik } ⊂
Ni ∩ Si(x), Fi(φNi (Δk)) ⊂ Ti(x).
(ii) For all x ∈ X, Si(x) is nonempty and Si satisfies one of the conditions (i)–(v) in Lemma 2.2.
(iii) For each i ∈ I , there exists a nonempty subset Di of Xi such that for each Ni ∈ 〈Xi〉,
there is a compact FC-subspace LNi of Xi containing Di ∪ Ni such that Bi =⋂
y0∈Di (cintS
−1
i (y0))
c is empty or compact, where (cintS−1i (y0))c denotes the complement
of cintS−1i (y0) on X.
Then there exists x¯ = (x¯i)i∈I ∈ X such that x¯i ∈ Ti(x¯), for each i ∈ I .
Proof. Assume that for all x ∈ X, there exists xi = πi(x) /∈ Ti(x), for some i ∈ I . By condi-
tion (i), we have that for all x ∈ X, any Ni ∈ 〈Xi〉 and any Mi = {xi0, xi1, . . . , xik } ⊂ Ni ∩ Si(x),
xi = πi(x) /∈ Fi(φNi (Δk)), for some i ∈ I .
Define the mapping A :X → 2X by
A(x) = π−1i
(
Si(x)
)
, ∀x ∈ X.
Then A(x) = ∅ (∀x ∈ X) and for all y ∈ X,
A−1(y) = {x | y ∈ Ax} = {x ∣∣ y ∈ π−1i (Si(x))}= {x | πi(y) ∈ Si(x)}= S−1i (πi(y)).
Now we show that A−1 is transfer compactly open-valued. For all x ∈ X, nonempty compact
subset K of X and y ∈ A−1(x) ∩ K , we have y ∈ S−1i (πi(x)) ∩ K . From condition (ii), there
exists x¯ ∈ X such that y ∈ cintS−1i (πi(x¯))∩K , i.e., y ∈ cintA−1(x¯)∩K . Hence A−1 is transfer
compactly open-valued.
From condition (iii), let D =∏i∈I Di , then ∅ = D ⊂ X. For each N = {x0, x1, . . . , xn} ∈ 〈X〉,
let Ni = πi(N), then there exists a compact FC-subspace LNi of Xi containing Di ∪ Ni such
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⋂
y0∈Di (cintS
−1
i (y0))
c is empty or compact. Let LN =∏i∈I LNi , then LN ⊂ X is a com-
pact FC-subspace and D ∪ N ⊂ LN . For all y ∈ D, let yi = πi(y). Since for all y0 ∈ Di ,
(cintS−1i (y0))c is empty or compact, then (cintA−1(y))c (∀y ∈ D) is empty or compact. Hence⋂
y∈D(cintA−1(y))c is empty or compact. That is, condition (iii) of Lemma 3.1 holds.
For Ni and Mi given in condition (i), let N = π−1i (Ni) and M = π−1i (Mi) = {x0, x1, . . . , xk},
then M = π−1i ((Ni)∩ S−1i (x)) ⊂ N ∩A−1(x). It follows from Lemma 3.1 that
F
(
φN(Δk)
)∩
(
k⋂
j=0
cintA−1(xj )
)
= ∅.
Hence there exists y ∈ X such that y ∈ F(φN(Δk)).
For all i ∈ I , it follows from y ∈ F(φN(Δk)) that πi(y) ∈ Fi(πi(φN(Δk))) = Fi(φNi (Δk)).
Therefore for all i ∈ I , any Ni ∈ 〈Xi〉 and any Mi ⊂ Ni ∩ Si(y), there exists y ∈ X, such that
πi(y) = yi ∈ Fi(φNi (Δk)). This is a contradiction. Hence there exists x¯ = (x¯i)i∈I ∈ X such that
x¯i ∈ Ti(x¯), for each i ∈ I . This completes the proof. 
Remark 3.1. Theorem 3.1 generalizes Theorem 3.1 of Kong and Ding [14]: From G-convex
space to FC-space and from the class B(X,X) to the class B∗(X,X); in turn it improves and
generalizes Theorem 3.1 of [5] and Theorem 3.1 of [9] from G-convex space and topological
vector space to FC-space without any convexity structure, respectively.
Theorem 3.2. Let I be any index set, (Xi,φNi )i∈I be a family of compact Hausdorff FC-
spaces and X =∏i∈I Xi be the FC-space as in Lemma 2.1. For each i ∈ I , Si, Ti :X → 2Xi ,
Fi :Xi → 2Xi be set-valued mappings satisfying the following conditions:
(i) Let F(x) = ∏i∈I Fi(πi(x)), for all x ∈ X, where πi :X → Xi denotes the projection of
X onto Xi . F ∈ B∗(X,X), for all x ∈ X, Ni ∈ 〈Xi〉 and any Mi = {xi0, xi1, . . . , xik } ⊂
Ni ∩ Si(x), Fi(φNi (Δk)) ⊂ Ti(x).
(ii) For all x ∈ X, Si(x) is nonempty and Si satisfies one of conditions (i)–(v) in Lemma 2.2.
Then there exists x¯ = (x¯i)i∈I ∈ X such that x¯i ∈ Ti(x), for each i ∈ I .
Proof. Since Xi is compact for each i ∈ I , let Di = LNi = Xi , then condition (iii) of The-
orem 3.1 is satisfied trivially. By Theorem 3.1, we have that the conclusion of Theorem 3.2
holds. 
Remark 3.2. Theorem 3.2 generalizes Corollary 3.1 of [5] to FC-space without any convexity
structure.
When I is a singleton, by Theorem 3.1, we have the following conclusion:
Theorem 3.3. Let (X,φN) be a Hausdorff FC-space. Let set-valued mappings S,T :X → 2X ,
F :X → 2X satisfy the following conditions:
(i) F ∈ B∗(X,X), for all x ∈ X, N ∈ 〈X〉 and any M = {x0, x1, . . . , xk} ⊂ N ∩ S(x),
F(φN(Δk)) ⊂ T (x).
(ii) For all x ∈ X, S(x) is nonempty and S satisfies one of conditions (i)–(v) in Lemma 1.2.
1374 Q.-b. Zhang, C.-z. Cheng / J. Math. Anal. Appl. 328 (2007) 1369–1377(iii) There exists a nonempty subset D of X such that for each N ∈ 〈X〉, there is a compact FC-
subspace LN of X containing D ∪ N and B =⋂y∈D(cintS−1(y))c is empty or compact,
where (cintS−1(y))c denotes the complement of cintS−1(y) on X.
Then there exists x ∈ X, such that x ∈ T (x).
Remark 3.3. When F is an identity mapping, Corollary 3.3 generalizes and improves Theo-
rem 1.1 of [15], Theorems 3.1 and 3.2 of [16], Corollary 3.2 of [9] and Corollary 3.2 of [4].
Theorem 3.4. Let (X,φN) be a compact Hausdorff FC-space. Let set-valued mapping
S,T :X → 2X satisfy the following conditions:
(i) For all x ∈ X, T (x) is an FC-subspace of X relative to S(x).
(ii) For all x ∈ X, S(x) is nonempty and S satisfies one of conditions (i)–(v) in Lemma 1.2.
Then T has a fixed point.
4. Minimax inequalities
In this section, we introduce some new notions which are more general than the well-known
notions of quasiconcave and quasiconvex and some theorems about minimax inequality are given
to show the relations of fixed-point theorem and minimax inequality in FC-spaces.
Definition 4.1. Let (Y,φN) be an FC-space, X a nonempty set and f,g :X × Y → R = R ∪
{+∞} two functions. We say that
(i) f is F -g-quasiconvex in the second variable if for any N ∈ 〈Y 〉, any D = {z0, z1, . . . , zk} ⊂ N
and for each x ∈ X, we have
f (x,u) max
0ik
g(x, zi), ∀u ∈ φN(Δk);
(ii) f is F -g-quasiconcave in the second variable if for any N ∈ 〈Y 〉, any D = {z0, z1,
. . . , zk} ⊂ N and for each x ∈ X, we have
f (x,u) min
0ik
g(x, zi), ∀u ∈ φN(Δk).
When f = g, f is said to be F -quasiconvex (or F -quasiconcave) in the second variable. It is
easily seen that f is F -g-quasiconvex if and only if (−f ) is F -(−g)-quasiconcave.
Remark 4.1.
(1) The origin of the notions introduced above goes back to the notion of g-quasiconcave intro-
duced by Chang and Yen in [13].
(2) If Y is a nonempty convex set of a topological vector space, X a nonempty set and
f = g :X × Y → R is quasiconcave in the second variable, then for any given x ∈ X we
have that for all N = {z0, z1, . . . , zn} ⊂ Y ,
f (x,u) min g(x, zi), ∀u ∈ co{z0, z1, . . . , zn}.
0in
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co{y0, y1, . . . , yk}. From Theorem 1 of Horvath in [17], it follows that there exists a con-
tinuous function φN :Δn → Y such that φN(Δk) ⊂ co{y0, y1, . . . , yk}. Therefore f (x,u)
min0ik g(x, yi), ∀u ∈ φN(Δk), i.e., f is F -g-quasiconcave in the second variable. The
inverse does not hold.
Theorem 4.1. Let (X,φN) be a compact Hausdorff FC-space and Y be a nonempty subset of X.
Let f :X ×X → R and g :X × Y → R be two functions such that:
(i) f is F -g-quasiconvex in the second variable;
(ii) g is transfer compactly upper semicontinuous in the first variable.
Then infx∈X f (x, x) supx∈X infy∈Y g(x, y).
Proof. We may assume that supx∈X infy∈Y g(x, y) < +∞. Let λ > supx∈X infy∈Y g(x, y) be
arbitrarily fixed and define the maps T :X → 2X , S :X → 2Y by
T (x) = {z ∈ X | f (x, z) < λ}, S(x) = {y ∈ Y | g(x, y) < λ}.
From λ > supx∈X infy∈Y g(x, y) it follows that S has nonempty values and by condition (ii), S−1
is transfer compactly open valued.
We now prove that condition (i) in Theorem 3.4 holds. Let x ∈ X, for each N = {z0, z1,
. . . , zn} ∈ 〈X〉, then for any D = {y0, y1, . . . , yk} ⊂ N ∩ S(x) and any u ∈ φN(Δk), it follows
from condition (i) and the definition of S(x) that
f (x,u) max
0ik
g(x, yi) < λ.
Therefore u ∈ T (x), i.e., for all x ∈ X, T (x) is an FC-subspace of X relative to S(x).
By Theorem 3.4, T has a fixed point x0. It follows that
inf
x∈Xf (x, x) f (x0, x0) < λ.
By the arbitrariness of λ, we have that
inf
x∈Xf (x, x) supx∈X
inf
y∈Y g(x, y).
This completes the proof. 
Corollary 4.2. Let (E,φN) be a Hausdorff FC-space and X be a nonempty compact FC-
subspace of E. Let f :X ×X → R satisfy the following conditions:
(i) f is F -quasiconvex in the second variable;
(ii) f is transfer compactly upper semicontinuous in the first variable.
Then infx∈X f (x, x) supx∈X infy∈X f (x, y).
Corollary 4.3. Let (E,φN) be a Hausdorff FC-space and X be a nonempty compact FC-
subspace of E. Let f :X ×X → R satisfy the following conditions:
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(ii) f is transfer compactly lower semicontinuous in the first variable.
Then infx∈X supy∈X f (x, y) supx∈X f (x, x).
Remark 4.2. Corollary 4.3 generalizes Ky Fan’s minimax inequality [18] from topology vector
space to FC-space, from quasiconcave to F -quasiconcave and from lower semicontinuous to
transfer compactly lower semicontinuous.
Theorem 4.4. Let (X1, φN1), (X2, φN2) be two compact Hausdorff FC-spaces, Y1 ⊂ X1 and
Y2 ⊂ X2 be two nonempty sets. Let f1, f2 :X1 × X2 → R, g1 :Y1 × X2 → R and g2 :X1 ×
Y2 → R be four functions satisfying the following conditions:
(i) f1(x1, x2) f2(x1, x2), for all (x1, x2) ∈ X1 ×X2;
(ii) f1 is F -g1-quasiconcave in the first variable;
(iii) f2 is F -g2-quasiconvex in the second variable;
(iv) g1 is transfer compactly lower semicontinuous in the second variable;
(v) g2 is transfer compactly upper semicontinuous in the first variable.
Then infx2∈X2 supy1∈Y1 g1(y1, x2) supx1∈X1 infy2∈Y2 g2(x1, y2).
Proof. By contradiction. Suppose that there exists a real number λ such that
inf
x2∈X2
sup
y1∈Y1
g1(y1, x2) > λ > sup
x1∈X1
inf
y2∈Y2
g2(x1, y2). (1)
Define the maps T :X1 ×X2 → 2X1×X2 and S :X1 ×X2 → 2Y1×Y2 by
T (x1, x2) =
{
u1 ∈ X1 | f1(u1, x2) > λ
}× {u2 ∈ X2 | f2(x1, u2) < λ},
and
S(x1, x2) =
{
y1 ∈ Y1 | g1(y1, x2) > λ
}× {y2 ∈ Y2 | g2(x1, y2) < λ}.
By (1), S has nonempty values. Let (y1, y2) ∈ Y1 × Y2, for each nonempty compact subset
Ki of Xi (i = 1,2), (a1, a2) ∈ S−1(y1, y2) ∩ (K1 × K2), we have that a1 ∈ K1 ∩ {x1 ∈ X1 |
g2(x1, y2) < λ} and a2 ∈ K2 ∩{x2 ∈ X2 | g1(y1, x2) > λ}. From conditions (iv) and (v), it follows
that there exist y¯i ∈ Yi (i = 1,2) such that a1 ∈ intK1 [K1 ∩ {x1 ∈ X1 | g2(x1, y¯2) < λ}] and a2 ∈
intK2 [K2 ∩ {x2 ∈ X2 | g1(y¯1, x2) > λ}]. Hence (a1, a2) ∈ intK1×K2[S−1(y¯1, y¯2) ∩ (K1 × K2)].
Therefore S−1 is transfer compactly open valued.
Now we show that T and S satisfy condition (i) in Theorem 3.4. Let (x1, x2) ∈ X1 × X2,
for each N = {(z10, z20), (z11, z21), . . . , (z1n, z2n)} ∈ 〈X1 × X2〉, then for any D = D1 × D2 =
{(y10 , y20), (y11 , y21), . . . , (y1k , y2k )} ⊂ N ∩S(x1, x2) and any (u¯1, u¯2) ∈ φN(Δk) =
∏
i∈I (φNi (Δk)),
where Ni = {zi0, zi1, . . . , zin} and i ∈ I = {1,2}, it follows from conditions (ii) and (iii) that
f1(u¯1, x2) min
0in
g1
(
y1i , x2
)
> λ,
f2(x1, u¯2) max
0in
g2
(
x1, y
2
i
)
< λ.
Hence (u¯1, u¯2) ∈ T (x1, x2).
Q.-b. Zhang, C.-z. Cheng / J. Math. Anal. Appl. 328 (2007) 1369–1377 1377Applying Theorem 3.4 we get a point (x¯1, x¯2) ∈ X1 × X2 such that (x¯1, x¯2) ∈ T (x¯1, x¯2).
Taking into account condition (i) we obtain the following contradiction:
λ < f1(x¯1, x¯2) f2(x¯1, x¯2) < λ,
and the proof is complete. 
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